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The spin-transfer in biased disordered ferromagnet (F) - normal metal (N) systems is alulated
by the diusion equation. For F1-N2-F2 and N1-F1-N2-F2-N3 spin valves, the eet of spin-ip
proesses in the normal metal and ferromagnet parts are obtained analytially. Spin-ip in the
enter metal N2 redues the spin-transfer, whereas spin-ip in the outer normal metals N1 and N3
an inrease it by eetively enhaning the spin polarization of the devie.
PACS numbers: 72.25.Ba,75.70.Pa,75.60.Jk,72.25.Rb
I. INTRODUCTION
A spin-polarized eletri urrent owing through magneti multilayers with anted magnetizations produes torques
on the magneti moments of the ferromagnets.
1,2
The eet is inverse to the giant magnetoresistane, in whih a urrent
is aeted by the relative orientation of the magnetization diretions. The spin-urrent-indued magnetization torque
arises from an interation between ondution eletron spins and the magneti order parameter, transferring angular
momentum between ferromagneti layers, hene the name spin transfer. The observed asymmetry of the swithing
with respet to the diretion of urrent ow in the magnetization swithing in obalt layers
3,4,5,6
is strong evidene
that the spin-transfer dominates harge urrent-indued Oersted magneti elds in mesosopi small strutures. Spin-
transfer devies are promising for appliations by the ability to exite and probe the dynamis of magneti moments
at small length sales. Reversing magnetizations with little power onsumption an be utilized in urrent-ontrolled
magneti memory elements. As a result the spin-transfer eet has already been the subjet of several theoretial
studies.
7,8,9,10,11,12,13,14,15
The torque an be formulated by sattering theory in terms of the spin-dependene of the reetion oeients of
the interfae and the inoherene of spin-up and spin-down states inside the ferromagnet. This leads to destrutive
interferene of the omponent of the spin-urrent perpendiular to the magnetization over the ferromagneti deoher-
ene length, whih is smaller than the mean free path for not too weak ferromagnets.
8,9,10,11,12,13,14
In this paper we
solve the spin-dependent diusion equation for a multilayer system onsisting of two reservoirs, three normal metal
layers and two ferromagneti layers, see Fig. 1, generalizing the approah of Valet and Fert
16
to non ollinear systems.
We fous on relatively large systems in whih the bulk resistane dominates. Interfaes play an essential role in
transferring the torque, but are assumed not signiantly to inrease the total resistane. A typial interfae resistane
for e.g. Co/Cu is AR
surfae
∼ fΩm2. The orresponding typial bulk resistane for lean and dirty Co/Cu layer varies
between AR
bulk
= 0.01L[nm] fΩm2 and 0.1L[nm] fΩm2 (see for example Ref. 17 and Ref. 18) where L is the length of
the layers expressed in nm. Our approah is therefore quantitatively valid when the layers are thiker than 100 nm for
pure samples and 10 nm for alloys whih is reasonable for experimental fabriation, and furthermore reveal qualitative
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FIG. 1: N1-F1-N2-F2-N3 multilayer system with non-ollinear magnetizations.
2eets of spin-ip relaxation proess on the spin-torques for thinner layers. Related alulations of the torque and the
magnetoresistane for submiron Co/Cu multilayers using the Boltzmann equation have been presented in Ref. 13.
Here we obtain analytial results based on the diusion equation that reveal the main physial eets of spin-ip
sattering in dierent parts of the multilayer on the spin transfer: Spin-ip sattering in the middle normal metal
N2 redues the spin-transfer whereas spin-ip sattering in the outer normal metals N1 and N3 an enhane the
spin-transfer.
The paper is organized as follows: in Setion II we explain the averaging mehanisms of spin-transfer and the
boundary onditions for the diusion equation. The latter are formulated for a N1-F1-N2-F2-N3 multilayer system
and solved analytially in the presene of spin-ip proesses in the bulk layers in Setions III and IV. In the last
setion we summarize our onlusion. In Appendix A, magnetoeletroni iruit theory
8,10
is shown to be onsistent
with the results from the diusion equation in the absene of spin-ip sattering.
II. DIFFUSIVE APPROACH TO MULTILAYER SYSTEMS
Eletron states with spins that are not ollinear to the magnetization diretion are not eigenstates of a ferromagnet,
but preess around the magnetization vetor. In three dimensions, a non-ollinear spin urrent is omposed by many
states with dierent Larmor frequenies whih average out quikly in a ferromagnet as a funtion of penetration depth.
The eient relaxation of the non-diagonal terms in the spin-density matrix is equivalent to the suppression of spin-
aumulation non-ollinear to the magnetization in the ferromagnet.
8,10,13,14
This spin-dephasing mehanism does
not exist in normal metals, in whih the spin wave funtions remain oherent on the length sale of the spin-diusion
length, whih an be of the order of mirons. In ballisti systems, the spin-transfer ours over the ferromagneti
deoherene length λc = 1/
∣∣∣k↑F − k↓F
∣∣∣. In onventional ferromagnets the exhange energy is of the same order of
magnitude as the Fermi energy and λc is of the order of the lattie onstant. The strongly loalized regime in whih
the mean free path is smaller than the inverse Fermi wave-vetor, ℓ < 1/kF , is not relevant for elemental metals. In
onventional metalli ferromagnets ℓ≫ 1/kF , and the length sale of the spin-transfer λc is neessarily smaller than
the mean free path ℓ and therefore is not aeted by disorder. This argument does not hold for gradual interfaes
and domain walls. The opposite limit has been onsidered in Ref. 19, where λc =
√
2hD0/J (in the paper it was
designated by λJ ), or with D0 ∼
ℓ2
τ
, λc ∼ ℓ
√
2h/Jτ . The limit onsidered in Ref. 19 implies 2h/Jτ ≫ 1 or λc ≫ ℓ
and therefore does not hold for ferromagneti ondutors like Fe, Co, Ni and its alloys.
Semilassial methods annot desribe proesses on length sales smaller than the mean free path, thus annot
properly desribe abrupt interfaes. It is possible, however, to express boundary onditions in terms of transmission
and reetion probabilities whih onnet the distribution funtions on both sides of an interfae, and have to be
omputed quantum mehanially.
20
For transport, these boundary onditions translate into interfae resistanes,
whih arise from disontinuities in the eletroni struture and disorder at the interfae. This phenomenon has been
also extensively studied in the quasi-lassial theory of superondutivity
21
, where a generalized diusion approah
an be used in the bulk of the superondutor, but proper boundary onditions must be used at the interfaes between
a superondutor and another normal or superonduting metal.
These eets an be taken into aount by rst-priniples band-struture alulations.
20
In ollinear systems it is
possible to irumvent the problem by replaing the interfaes by regions of a titious bulk material, the resistanes of
whih an be tted to experiments. This is not possible anymore when the magnetizations are non-ollinear, however,
beause potential steps are essential for the desription of the dephasing of the non-ollinear spin urrent and the
torque.
We wish to model the multilayer system Fig. 1 by the diusion equation and interfae boundary onditions. Let
f̂(ε) be the 2× 2 distribution matrix at a given energy ε and Î the 2× 2 urrent matrix in spin-spae. It is onvenient
to expand these matries into a salar partile and a vetor spin-ontribution f̂ = 1̂f0+ σˆ · fs, Î = (1̂I0+ σˆ · Is)/2. For
normal metals f̂N = 1̂fN0 + σˆ · s, where f
N
0 is the loal harge-related hemial potential and the spin distribution
funtion has magnitude fNs and diretion s. In the ferromagnet f̂
F = 1̂fF0 + σˆ ·mf
F
s = 1̂(f↑+f↓)/2+ σˆ ·m(f↑−f↓)/2,
where f↑ and f↓ are the diagonal elements of the distribution matrix when the spin-quantization axis is parallel to
the magnetization in the ferromagnet m.
The diusion equation desribes transport in both the normal metal and the ferromagnet. We rst onsider a single
interfae and disregard spin-ip sattering. The partile and spin urrents in the normal metal with diusion onstant
D are j = D∂xf
N
0 and j
N
s = D∂xf
N
s respetively. The partile and spin urrents are onserved:
D∂2xf
N
0 = 0 , D
∂2
∂x2
fNs = 0 . (1)
3In the ferromagnet the partile and spin urrents are j = D↑∂xf↑ +D↓∂xf↓ and j
F
s = m∂x(D↑f↑ −D↓f↓), where D↑
and D↓ are the diusion onstants for spin-up and spin-down eletrons. Current onservation of the spin omponents
parallel and antiparallel to the magnetization diretion in the ferromagnet read:
D↑∂
2
xf↑ = 0 , D↓∂
2
xf↓ = 0 . (2)
Eqs. (1,2) are appliable only inside the bulk layers. The boundary onditions at the interfae arise from the ontinuity
of the partile and spin distribution funtions on the normal and the ferromagneti metal sides:
8,10
fNs |N-surfae = (f↑ + f↓)/2|F-surfae , (3)
fNs |N-surfae = m(f↑ − f↓)/2|F-surfae . (4)
Furthermore, partile urrent is onserved:
8,10
[D∂xf
N
0 ]|N-surfae = ∂x(D↑f↑ +D↓f↓)|F-surfae . (5)
We have disussed above why the non-ollinear omponent of the spin-aumulation deays on a length sale of
the order of the lattie spaing. This leads to the third boundary ondition at the F-N interfae, namely that the
spin-urrent is onserved only for the spin-omponent parallel to the magnetization diretion:
8,10
[D∂xfs]|N-surfae = m∂x(D↑f↑ −D↓f↓)|F-surfae . (6)
Solving these equations, we reover Eq. (A3) with the mixing ondutane as found by the magnetoeletri iruit
theory (Appendix A).
8,10
The magneto-eletroni iruit theory is thus equivalent to the diusion approah when
the system size is larger than the mean free path. However the magneto-eletroni iruit theory is a more general
approah that an also be used for iruits or parts of iruits that are smaller than the mean free path. Note
that the boundary onditions above do not ontain expliit referene to interfae ondutane parameters and are
therefore valid only for bulk resistanes whih are suiently larger than the interfae resistanes. The gain by using
the diusion equation is, that we an now easily derive simple analytial results, also in the presene of spin-ip
relaxation. In the normal as well as ferromagneti metals spin-ip sattering leads to:
∂xj0 = 0 ,
∂
∂x
js = fs/τsf , (7)
where the spin-ip relaxation time τsf is a material dependent parameter.
III. RESULTS FOR SYSTEMS WITHOUT SPIN-FLIP
Let us now apply this method to the spin-transfer in a N1-F1-N2-F2-N3 system Fig. 1 to obtain expliit results for
the gure of merit, viz. the ratio of the spin-torque to the harge urrent through (or voltage bias aross) the system.
The layers are haraterized by the lengths LN1, LF1, LN2, LF2, LN3 and by diusion onstants DN1, DF1,↑(↓), DN2,
DF2,↑(↓), DN3 for eah normal and ferromagneti metal layer, respetively. The resistanes of the system are RN1,
RF1,↑, RF1,↓, RN2, RF2,↑, RF2,↓ and RN3 with, for example, RN1 = LN1/(AN1DN1) and RF1,↑ = LF1/(AF1DF1,↑)
(L and A are length and ross setion of a layer respetively). Let us initially disregard spin-ip sattering.
The ontinuity of the spin-urrent at the interfae N1-F1 an easily be shown from Eqs. (1,2,3,5). As a result the
two layers N1-F1 behave eetively like a single ferromagneti layer with renormalized resistane:
R˜F1,↑ = RF1,↑ + 2RN1 , (8a)
R˜F1,↓ = RF1,↓ + 2RN1 . (8b)
The same is true for the interfae F2-N3. As a result it is suient to treat only the F1-N-F2 system. In general,
there are spin-urrent disontinuities at the interfaes F1-N and N-F2 whih, due to momentum onservation, lead to
torques ating on the magneti moments in the ferromagneti layers. Taking into aount all diusion equations (1,2)
and boundary onditions (3,4,5,6), and also introduing the parameters R = RN2, Ri± = (R˜Fi,↑ ± R˜Fi,↓)/4, where
i = 1, 2, the torques an be written as
τ1 = I0R2−
(R+R1+ − αR1−R2+/R2−)
(R +R2+)(R +R1+)− α2R1+R2+
(αm1 −m2) , (9a)
τ2 = I0R1−
R+R2+ − αR2−R1+/R1−
(R+R2+)(R+R1+)− α2R1+R2+
(m1 − αm2) , (9b)
40 1 2 3
0,0
0,4
0,8
 
 
R=1
R=0.3
R=0.1
FIG. 2: Torque ating on the rst ferromagnet as a funtion of the relative angle between the two magnetizations for dierent
normal metal resistanes (the resistanes are expressed in units R1 = R2, P1 = 0.5, P2 = 0.2).
where τ1 and τ2 are torques ating on the magnetizations of the rst and seond ferromagnet respetively, α =(m1 ·
m2)= cos θ, θ being the angle between the magnetizations. The resistane an also be alulated:
ℜ(θ) = R+R1+ + R2+ −
R21− + 2αR1−R2− +R
2
2− + (1− α
2)(R21−R2+ +R
2
2−R1+)/R
R+R1+ +R2+ +R1+R2+(1− α2)/R
. (10)
It is worthwhile to rewrite the above formula (9) using the eetive polarization P = R−/R+ (whih is the polarization
of a urrent owing through F or N-F layers onneted to reservoirs) and the ferromagnet harge urrent resistane
Ri = Ri+. The (absolute values of the) torques are then:
|τ1| =
|1 +R/R1 − αP1/P2|
[
(1− α2)I0P2
]
(1 +R/R2)(1 +R/R1)− α2
, (11a)
|τ2| =
|1 +R/R2 − αP2/P1|
[
(1− α2)I0P1
]
(1 +R/R1)(1 +R/R2)− α2
. (11b)
As one an see from Eqs. (9) and (11) there is an asymmetry with respet to urrent inversion. For example, if
only one polarization an rotate (one ferromagnet is muh wider than the other or exhange-biased), domains in
the two magneti layers an be aligned antiparallel by urrents owing in one diretion, and reoriented parallel by
reversing the urrent ow. This happens beause only one state (parallel or antiparallel) is at equilibrium for a xed
diretion of the urrent. If the urrents are large enough (depending on other soures of torques suh as external elds,
magneto rystalline anisotropy and damping) the magnetization will ip, whih an be monitored by the hange in
total resistane of
R(↑↓)−R(↑↑)
R(↑↓)
=
4R1−R2−
R2 + (R1+ +R2+)2 − (R1− +R2−)2
. (12)
In the ase of unit polarization and R ≈ 0 the relative resistane hange (12) an be 100 perent. This asymmetry was
predited by the spin-transfer theory
1
and was observed experimentally.
3,4,5
Note, however, that in these experiments
the mean free path is omparable to the size of the systems, and the present theory annot be diretly applied.
From Eq. (11) follows that the torques are equal to zero for parallel and antiparallel alignments. When the
numerator of Eq. (11) 1+R/R1(2)−αP1(2)/P2(1) never vanishes, the torque inreases with θ from zero to a maximal
value whih orresponds to an angle larger than π/2 and vanishes again when ongurations beome antiparallel.
When the nominator of Eq. (9) does vanish for some angle θ0, the absolute value of torque has a loal maximum
5before θ0 (see Fig. 2). In priniple, it is possible to have an equilibrium magnetization angle θ = θ0 for one urrent
diretion while equilibrium magnetization angle θ = 0 or π for the opposite urrent diretion (this an lead to
asymmetry for the transition from the anti-aligned state to the aligned state in omparison with the transition from
aligned to anti-aligned observed experimentally
6
).
We propose a setup in whih only one magnetization an rotate (usually it is ahieved by taking one ferromagneti
layer muh wider than the other or by exhange biasing). If one ferromagneti layer (for example the rst one) has a
resistane R1 ≪ R and the other R2 > R, the torque τ2 vanishes whereas the other torque an be simplied to:
τ1 = (1− α
2)I0P2 (13)
The maximal torque in this setup ours when the magnetizations of the ferromagnet F1 and the ferromagnet F2 are
perpendiular.
In general, the spin-torque is maximal when the resistane R of the normal metal vanishes, as ould have been
expeted sine this also gives the maximum magnetoresistane eet. In Eqs. (9) and (11) the size of the magnets
does not play a dominant role for small normal metal resistanes. In this ase the torques depend mainly on the
polarizations.
IV. RESULTS FOR SYSTEMS WITH SPIN-FLIP
So far, we have disregarded spin-ip sattering, whih an be inluded readily, though. Here the system N1-F1-N2-
F2-N3 is analyzed and spin-ip in eah normal metal part is onsidered separately. Introduing spin-ip in N1 and
N3 leads to the simple result: Eq. (8) without spin-ip remains valid, but with modied spin resistanes:
Rsf
N1(N3) = RN1(N3)
tanh(LN1(N3)/ℓsd)
(LN1(N3)/ℓsd)
, (14)
where ℓsd is the normal metal spin-ip diusion length. When L ≫ ℓsd, the resistane is governed by the spin-ip
diusion length ℓsd, whih means that only part of the metal takes part in the spin transfer whereas the rest plays the
role of the reservoir. This redution of the ative thikness of the devie an lead to an eetive polarization inrease
by dereasing the eet of RN in Eq.(8). Spin-ips in the middle normal metal have a larger impat. The torques in
the presene of spin-ips in N2 read:
|τ1| = (1− α
2)I0P2
β +Rsf/R1 − αP1/P2
(β +Rsf/R2)(β +Rsf/R1)− α2
, (15a)
|τ2| = (1− α
2)I0P1
β +Rsf/R2 − αP2/P1
(β +Rsf/R1)(β +Rsf/R2)− α2
, (15b)
where β = cosh(L/ℓsd) and P1(2), R1(2) are given by (8) and (14). R
sf
is a new eetive normal metal resistane:
Rsf = R
sinh(L/ℓsd)
L/ℓsd
. (16)
For L ≥ ℓsd the torque is signiantly redued by spin-ips, beoming exponentially small for longer samples.
Let us now onsider spin-ips in the ferromagnet. The treatment of the N1-F1-N2-F2-N3 system is umbersome,
so let us onentrate on the simple ase of a F-N-F system. In that ase formulas remain unhanged, provided R+
and R− are renormalized as:
Rsf1(2)− = R1(2)−
tanh(LF1(F2)/ℓ
F
sd)
LF1(F2)/ℓ
F
sd
, (17a)
Rsf1(2)+ = R1(2)+
tanh(LF1(F2)/ℓ
F
sd)
LF1(F2)/ℓ
F
sd
. (17b)
where ℓFsd is the ferromagnet spin-ip diusion length. These resistanes should be used in Eqs. (9) for the torques in
F-N-F systems. If spin-ip in the normal metal exists, then the formulas (15) should be used. Eqs. (17) imply that
there is no polarization hange (as dened below Eqs. (9)) and only the ferromagnet resistanes R1(2) are aeted.
For L ≫ ℓFsd the bulk of the ferromagnet behaves like a reservoir (just like for the normal metal in the same limit)
60 1 2 3
0,0
0,2
0,4
0,6
 
 
 
FIG. 3: Torque on eah ferromagnet as a funtion of the relative angle between the two magnetizations for dierent spin-ip
diusion lengths in the normal metal (the resistane R = 0.4 is expressed in units R1 = R2, P1 = P2 = 0.4, L/ℓsd = 0, 1, 1.5,
3 the lower plot orresponds to the higher ratio). By dashed line we plotted Slonzewski's result
1
for the same polarization.
and only a slie with thikness ℓFsd is ative. In general, spin-ip in the ferromagnet leads to redued torques as R1(2)
beomes smaller.
The eet may be quite small as long as the resistane of the ferromagnet is suiently larger than that of the
normal metal (this an also be seen from Eqs. (8) and (11)), so that the polarization of the urrent is maintained.
Finally we would like to disuss magnetoresistane and torque for the symmetri R1+ = R2+ and R1− = R2−. For
the angular magnetoresistane we extrat from (10) the formula observed by Pratt and also shown to be universal for
any disordered F-N-F perpendiular spin valves in Ref. 22:
R(θ)−R(0)
R(π)−R(0)
=
1− cos θ
χ(1 + cos θ) + 2
, (18)
with one parameter χ that is given by iruit theory
χ =
1
1− p2
|η|2
Reη
− 1 , (19)
in terms of the normalized mixing ondutane η = 2g↑↓/g, the polarization p = (g↑ − g↓)/g, and the average
ondutane g = g↑ + g↓. As we do not take into aount interfae resistanes, in our ase the parameters an be
expressed only via bulk resistanes: g = 1/(R↑+R)+ 1/(R↓+R), η = 2/(Rg), p = 2R−/(2R+ +R). From Eqs. (11)
and (10) the analytial expressions of the spin torque on either ferromagnet for urrent and voltage biased systems
read:
|τ | =
p(χ+ 1) sin θ
χ(cos θ + 1) + 2
I0 , (20)
|τ | =
pg
2
η sin θ
(η − 1) cos θ + 1 + η
µl − µr
2π
, (21)
where µl(r) is the hemial potential in the left (right) ferromagnet. In the presene of spin-ip for the angular
magnetoresistane we an write (restriting ourself to F-N-F ase again):
R(θ)−R(0)
R(π)−R(0)
=
(1 + χ(β − 1)/2)(1− cos θ)
χ(β + cos θ) + 2
, (22)
7where all parameters should be alulated aording to (16) and (17). The dependenes of the torque on angle now
read:
|τ | =
p(χ+ 1) sin θ
(χ(cos θ + β) + 2)
I0 , (23)
|τ | =
pg
2
η sin θ
A1 cos θ +A2
µl − µr
2π
, (24)
where we introdued two parameters:
A1 = −
p2
1 +
χ
2
β − 1
χ+ 1
(1 +
χβ + χ
2
) + χ(1 +
(κ1 + χκ2)
χ+ 1
− κ2p) , (25)
A2 =
p2
1 +
χ
2
β − 1
χ+ 1
(1−
χβ + 2
2
(β + 1)) + (1 +
(κ1 + χκ2)
χ+ 1
− κ2p)(χβ + 2) , (26)
and κ1 =
LN/ℓN,sd
sinh(LN/ℓN,sd)
− 1, κ2 =
LF /ℓF,sd
tanh(LF /ℓF,sd)
− 1.
An interesting result an be drawn from Eqs. (22) and (23) by omparison with the Eqs. (18) and (20). In order to
t the torque and the magnetoresistane in the presene of spin-ip we need an additional parameter β (β was dened
in Eqs. (15)), whih depends only on the spin-ip diusion length in the normal metal spaer. The general form of
Eqs. (22) and (23) with only two important parameters seems to be valid even in the presene of interfaes, but this
has to be onrmed by future studies. Eq. (24) is umbersome depending expliitely on the diusion length in the
ferromagnets. In Fig. 3 we have plotted result of Eq. (23) for dierent spin-diusion lengths in the normal metal.
The smaller diusion length orresponds to smaller torques. The urves only qualitatively resemble Slonzewski's
result for ballisti systems, but it should be pointed out that for the ase p = 1, η = 2 both approahes result in the
same formula.
V. CONCLUSION
We investigated transport in multilayer systems in the diusive limit with arbitrary magnetizations in the ferro-
magneti layers. The boundary onditions for diusion equations inluding spin transfer were disussed and analyti
expression for the magnetization torques and the angular magnetoresistane were obtained. The torque an be en-
gineered, not so muh via the geometry of the samples (like layer thiknesses) but rather via the materials, the
ferromagneti polarization being an important parameter. The asymmetry with respet to the urrent ow diretion
has been addressed and the resistane hange under magnetization reversal was alulated for dierent urrent dire-
tions. The eet of spin-ip in the normal metal and ferromagnet was studied analytially. Spin-ip in the enter
normal metal suppresses the spin-transfer, whereas spin-ip in the outer normal metals an eetively inrease the
polarization and spin-transfer. The spin-ip proesses in the ferromagnet also diminish the spin-transfer, but not as
drastially as long as the resistane of the ferromagnet is larger than the normal metal resistane. Finally we show
in Appendix A that the diusive approah with arefully hosen boundary onditions leads to results whih oinide
with those from iruit theory.
We are grateful to Yuli Nazarov, Yaroslav Tserkovnyak and Daniel Huertas-Hernando for stimulating disus-
sions. This work was supported in part by the NEDO International Joint Resear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APPENDIX A: CIRCUIT THEORY APPROACH TO THE DIFFUSIVE SYSTEMS
Here we show that the diusion approah is equivalent the iruit theory and that the mixing ondutane is a
valid onept also in systems whih are dominated by bulk transport.
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We onsider a F1-N2-F2 system Fig. 1 (N1
and N3 an also be inluded) onneted to two reservoirs R1 and R2 with negligible interfae resistanes. Note that
this does not mean that the interfae is negleted, beause it plays an essential role in the boundary onditions as
8mentioned in the main text. Sine the system is diusive, a thin slie of a ferromagnet or a normal metal an be
onsidered as a node. The mixing ondutane an be written in terms of the reetion and transmission oeients
and inorporates any kind of details of the ontats, e.g. tunnel, diusive, and ballisti ontats. We are free to
dene interfae resistors via the loation of the nodes. Here it is hosen suh that the interfae width is larger than
the ferromagneti deoherene length but smaller than the mean free path. We introdue six nodes: r1 is in R1 just
before the interfae, r2 and r3 are before and after the F1-N2 interfae, r4 and r5 are before and after the N2-F3
interfae, r6 is in R2 just after the interfae Fig. 1.
Let us rst nd the harge and the spin urrent in F1 (F2) at the interfae where the spin-transfer takes plae. The
urrents read:
I0 = (G
↓ +G↑)(fF0 − f
N
0 ) + (G
↓ −G↑)fFs , (A1a)
Is = m
[
(G↓ −G↑)(fF0 − f
N
0 ) + (G
↓ +G↑)fFs
]
, (A1b)
where fN0 is the partile distribution funtion in r1 (r6) and f
F
0 is the spin distribution funtion in r2 (r5). The
distribution funtion at r2 and r3 (r4 and r5) is idential due to the ontinuity boundary ondition. The spin-urrent
between the ferromagnet reservoir r2 (r5) and the normal metal reservoir r4 (r3) driven by the non-equilibrium
distributions an be found by using the iruit theory:
I1(2) = m2GN(f
F
s − s ·mf
N
s )− 2ReG
↑↓fNs (s− (s ·m)m) + (s×m)2ImG
↑↓fNs , (A2)
where the spin aumulation in the normal metal reservoir r4 (r3) is given by the unit vetor s and the spin distribution
funtion fNs . Use was made of G
↓ = G↑ = GN beause r2 (r5) is lose to the interfae. The omponent of the
urrent perpendiular to the magnetization m is transferred to the magnetization at the interfae whereas the parallel
omponent is onserved. The torque ating on the magnetization in F1 (F2) therefore beomes:
τ1(2) = −2ReG
↑↓fNs (s
N − (sN ·m)m) + (sN ×m)2ImG↑↓fNs . (A3)
The mixing ondutane is related to the reetion oeients of an eletron from the normal metal to the ferromagnet:
G↑↓ =
∑
nm
[δnm − (r
↑
nm)
∗r↓nm] . (A4)
Let us now evaluate the mixing ondutane for a disordered system. We assume that the juntion onsists of two
onneted parts. The normal metal setion is desribed by a single sattering matrix for both spin-↑ and spin-↓
eletrons. The ferromagneti setion requires two independent sattering matries, one for spin-↑ and one for spin-↓
eletrons. Sattering at the F-N boundary is disregarded here sine it is assumed that the total resistane is dominated
by the diuse normal metal and ferromagneti metal parts of the juntion. The total reetion matrix rα for spin-α
eletrons an then be found by onatenating the normal metal and ferromagneti parts as:
rα = rN + t
′
Nr
α
F
∞∑
n=0
(r′N r
α
F )
ntN ≡ rN + χ
α . (A5)
By inserting (A5) into the denition for the mixing ondutane we nd that the mixing ondutane an be expressed
as G↑↓ = GN + δG↑↓, where
δG↑↓ =
∑
nm
[(rN )
∗
nmχ
↓
nm] + (χ
↑
nm(rN )nm)
∗ + (χ↑nm)
∗χ↓nm] . (A6)
Eq. (A6) depends on the phase dierene between the sattering paths of spin-up and spin-down eletrons. It is
assumed that there are no orrelations between the sattering matries of the spin-↑ and spin-↓ eletrons in the
ferromagneti part, whih is onsistent with the a small oherene length. Consequently, in a diusive systems
δG↑↓ = 0. However, the up- and down-spin parts of the total sattering matrix of the ombined normal metal and
ferromagneti system are orrelated sine both spin diretions see the same sattering enters in the normal metal
part. This leads to the onlusion that for diusive hybrid system:
GD↑↓ = GN . (A7)
From Eqs. (A1,A2,A3) and taking into aount Eq. (A7), and noting that 2GN = 1/R and G↓ = 1/R↓, G↑ = 1/R↑
one an easily nd the Eq. (11).
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